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Abstract

I present here another example of a lattice fibration, a discrete version of the
highest dimensional Hopf fibration: S7 — $'® — S%



1. D, to Eg with Quaternions.

To motivate the higher dimensional case involving the octonions, I'1l first develop a
lower dimensional lattice fibration using the quaternions.

Let ¢, m = 0,1,2, 3, be a conventional basis for the quaternion algebra [1], Q.
Define

1
D = {Fgm} U {5 (Fa0 £ 01 £ > & g3)} M

These 8 + 16 = 24 unit quaternions form the inner shell (nearest neighbors to the
origin) of a D, = A4 lattice (A is the real laminated lattice in £ dimensions [2]). It is
well known that the set D} is closed under multiplication.

Define

1
DZ = §(iQmiQH)} (@)

This is also the inner shell of a D, lattice, these elements normalized to 1/ /2. This is
a (shrunken) Spin(4) rotation of D . However, D} is not closed under multiplication
even if expanded to the unit sphere.

From these two sets we can construct the inner shell of the 8-dimensional Fs = Ag
lattice. In particular,

{<U,0>, <0,V> UVeDH (2 x 24 = 48 elements) 3)

U {<U V> UVeD;, UVl =4¢,} (8 x 24 = 192 elements) :

(m € {0,1,2,3})is the inner shell of an Eg lattice, a subset of the unit 7-sphere in Q2.

To illustrate the second of the sets in (3), lets look at the setof all V € Dy, UVT =
+¢m for U = £(1 + ¢1). There are 8 such elements:

i (1+q1); 1(1—q1); (Eg2 £ gs). C))]

In fact, there are 8 such elements for each U € D; , hence that second set has 8 x 24 =
192 elements. The total number of elements is 48 + 192 = 240, which is the order of
Es[2]

There is another characterization of this 192 element subset:

{<U V> UVeD;, V=+UorlU+V € D]} 3)

The first two elements in (4) are U, and the remaining six elements satisfy U 4+ V' €
DF.



2. Fibrations.

If U,V € Q satisfy
Uut+vvt =1,

then the doublet [ ] is an element of S7, the (unit) 7-sphere. Define the map

<<

vl _[ulfv] _[uut oyt
V V V — | vut vvt
A
vut—vvyt 1 0 UVT-I—VUT 0 1 vvi—vut 0 1
T [0—1]+ 2 [10+ 2 —1 0]

The set of all elements

vut—vvt uvt4vut vvt—vyut
2 ’ 2 ’ 2

(first two real, third pure quaternion, so 5-dimensional) covers .S 4 (the 4-sphere in R,
in this case of radius %). The map (6) is an example of the sphere fibration [1]

575 g4, @)

(Another more interesting example of this fibration in terms of the octonions was given
in [3].)

It ‘[i € Ejg, as defined in (3), then the map (6) takes Eg onto the lattice Z° (all

inner shells at this point), consisting of elements of the form

10
210 1

®
:l:%[(l) _Ol]or:t%[(l) é] or:I:qz—’[_O1 é]
(z = 1,2, 3). This is an example of the lattice fibration
By 24 75, )

(Again, in [3] a more interesting example of this fibration was presented using the
octonions.)



3. Ex to A5 with Octonions.

Let O be the octonion algebra [1,3,4]. I choose an octonion multiplication whose
quaternionic triples are determined by the cyclic product rule,

€q€at+1 = €a45, @ € {L "'a7}a (10)

where the indices in (4) are from 1 to 7, modulo 7 (and in particular I will set 7 =
7 mod 7 to avoid confusing ey with e7). This choice, as it turns out, has an influence
on what follows [3,4].

Define

Eg' = {de,}
U {(Feqatepstecteq)/2:a,b, e ddistinet, eq(ep(eceq)) = +1}, a1

a,b,e,de {0,...,7}.
These 16 4+ 14 x 16 = 240 elements of the unit octonion 7-sphere form the inner shell

of an FE'g lattice, which, like DI is closed under multiplication [5].
Define

Ef = {i(%eq £ ep) : a,bdistinet}
U {%(27:0 +eq) : odd number of +’s}, (12)

These 112 + 128 = 240 elements of the octonion 7-sphere of radius 1/+/2 also form
the inner shell of an Fg lattice, which, like D is not closed under multiplication. (The
effect of my choice of octonion multiplication in (10) is in the definition of E ; there
are choices that would require ”odd number of +’s” to be changed to “even number of
+’s” in (12); this would not change the order of that set, which would still be 128.)
From these two sets we can construct the inner shell of the 16-dimensional Aqg

lattice. In particular,

{<U,0>, <0,V> UVeEf} (2 x 240 = 480 elements) (13)
U {<U V> UVecEg, UVt =+e,} (16 x 240 = 3840 elements)

(a € {0,...,7})is the inner shell of a A1 lattice, a subset of the unit 15-sphere in OZ.

As an example, let U = %(1 + e7). Then the 16 values of V for which < U,V >¢
A1 are:

(:|:64 + 66),

N | —

(:|:62 + 63),

N | —

1 1 1
:I:U::I:§(1—|—e7), i§(1—67), 5(:|:61:|:65),

the last 14 of which satisfy U/ 4+ V € Fg, by which they may also be characterized.
As another example, let U = i(—l +er+estestestestester)€ By



In this case the 16 appropriate Vs are:

+U = —l+e+eatestestes+es+ter),
—l+e+ex—ez3—eq—e5+es—e7),
—l—e+eatez—eqs—es—eg+er),
—l+e —eateztes—es—eg—eq),
—l—e+e2—eztestes—es—eq)
—l—e1—es+es—es+es+es—er),
—l—e;—ey—eg+eq—e5+es+er),
—l+e —ex—ez3—eq+es—eg+er).

bl

H H W H H H HH
P L [ [ s s [l s [

Again, the last 14 of these elements may be characterized by U + V € EF.

4. More Fibrations.

If U,V € O satisfy

Uut+vvt =1,
then the doublet [ ‘[i ] is an element of S'°, the (unit) 15-sphere. As before define
the map
vl _[ul[v] _[uut uvt
Vv Vv v | — | vut vyt
10
=1 14
o Y (14)
vut—vvyTt 1 0 UVT-I—VUT 0 1 vvi—vut 0 1
+2[0—1]+2[10+2 10|

The set of all elements

vut—vvt uvt4vut vvt—vyut
2 ’ 2 ’ 2 >

(first two real, third pure octonion, so 9-dimensional) covers S 8 (the 8-sphere in R®,
in this case of radius %). This is the highest dimensional example of a sphere fibration

[1]: 7
515 5, g8 (15)

It [ ‘[i ] € A, as defined in (13), then the map (14) takes A1 onto the lattice Z°



(inner shells again), consisting of elements of the form

10
210 1

16)
:l:%[(l) _Ol]or:t%[g é] or:t%a[_ol é]
(a =1, ..., 7). This is another example of a lattice fibration:
Aws 25 79 (17)

5. Conclusion.

The reader may be curious to know the purpose of this work. If the reader discovers
that purpose before I do, I would ask the reader to let me know. For the nonce, it’s just
pretty stuff.
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